Abstract: In this article, we perform a detailed theoretical analysis of new exact solutions with anisotropic fluid distribution of matter for compact objects subject to hydrostatic equilibrium. We present a family solution to the Einstein-Maxwell equations describing a spherically symmetric, static distribution of a fluid with pressure anisotropy. We implement an embedding class one condition to obtain a relation between the metric functions. We generalize the properties of a spherical star with hydrostatic equilibrium using the generalised Tolman-Oppenheimer-Volkoff (TOV) equation. We match the interior solution to an exterior Reissner-Nordström one, and study the energy conditions, speed of sound, and mass-radius relation of the star. We also show that the obtained solutions are compatible with observational data for the compact object Her X-1. Regarding our results, the physical behaviour of the present model may serve for the modeling of ultra compact objects.
Introduction
Over the past few decades, the study of relativistic compact stars has received much attention. In order to model the objects, we examine the solutions of the Einstein equations for statically, spherically symmetric geometry with different physical grounds. These may be refer to, for example, perfect fluid, dust, and anisotropic features. However, there is strong theoretical evidence that suggests that highly dense celestial bodies are not composed purely of perfect fluids. In some cases, the objects are found with different physical phenomena, e.g. anisotropy. The first theoretical attempt at considering the anisotropy effect dates back to around 1922 when Jeans [1] considered pressure anisotropy in self-gravitating objects for Newtonian configurations. Moreover, in the relativistic limit, it was considered by Lemaître [2] . More recently, the anisotropic effect was studied by Ruderman [3] . He argued that at very high densities, of the order of 10 15 g/cm 3 , stars may have anisotropic features where the nuclear interaction becomes relativistic. Soon after, in 1974 Bowers and Liang [4] studied local anisotropic properties for static spherically symmetric and relativistic configurations, which have been extensively populated. For instance, analytical static solutions have been considered by many authors [5] . For a proper chronological order, we recommend readers to the review article of Herrera and Santos [6] , where they have discussed the full details of local anisotropy in self gravitating systems. Much earlier than the work proposed by Mak and Harko [7] , a plethora of exact solutions for an anisotropic fluid sphere have been given in the literature [8] [9] [10] [11] [12] [13] [14] . Notice that the generalized relativistic analogue for anisotropic stars was considered by several authors, e.g. Refs. [15] [16] [17] [18] [19] and references therein. It is found that the solutions have been further developed based on the same method [20] [21] [22] [23] [24] [25] . More interestingly, the algorithm for all static anisotropic solutions and charged anisotropic solutions of Einstein's equation in the spherically symmetric case can be nicely obtained by a general method introduced by Refs. [26] and [27] .
The theoretical motivation for the concept of an embedding general n-dimensional manifold in higherdimensional spacetime is now an interesting problem that plays an essential role in studying the structure of stars. In particular, the primary motivation for the embedding problem emerged from the work done by Schläfli [28] , soon after the publication by Riemann. He considered the problem of how to locally embed such manifolds in Euclidean space E N with N = n(n + 1)/2. A central aspect of this embedding is not only to search for new solutions, but also to look for higher-dimensional generalizations of our known four-dimensional solutions. A few examples in the generalization, such as Whitney's embedding theorem [29] , claim that any n-dimensional manifold can be embedded in R n (see the Janet-Cartan theorem [30, 31] ) insisting that any real analytic ndimensional Riemannian manifold can be locally embedded in n(n+1)/2-dimensional Euclidean spaces; and Nash's embedding theorem, which shows that Riemannian manifolds can always be regarded as Riemannian submanifolds, and be isometrically embedded in some Euclidean spaces. More recently, some other embedding theorems have been extented to study the braneworld consequences in general relativity. The braneworld models, based on the assumption that four dimensional space-time is a 3-brane (domain wall), are embedded in a 5-dimensional Einstein space [32, 33] . This framework has been successfully used in the context of astrophysical research as well as in cosmological paradigms.
Moreover, it is well known that an n-dimensional manifold V n can be embedded in m = n(n + 1)/2-dimensional pseudo-Euclidean space, which is called the embedding class of V n . Inspired by this classification, the embedding of 4-dimensional spacetime into 5-dimensional flat space-time has been achieved by using the spherical coordinates transformation, which is known as the embedding class one condition satisfying Karmakar's condition [34] . In this case, the metric functions are connected to each other and we can obtain exact solutions of Einstein's equation reducing to a singlegenerating function. This method is adopted by many authors, in the simple model of spherically symmetric stars with anisotropic pressure [36] [37] [38] . However, the discovery of several peculiar compact stellar objects, such as the X-ray pulsar Her X-1, X-ray burster 4U 1820-30, X-ray sources 4U 1728-34, PSR 0943+10, millisecond pulsar SAX J 1808.4-3658, and RX J185635-3754, motivate us to investigate the model and compare the predictions to the state-of-the-art stellar models. More recently, some models explaining compact objects have often been formulated on various physical grounds including charged and uncharged with different equations of state (EOS) [35, [39] [40] [41] [42] [43] [44] [45] [46] [47] . The aim of the present paper is to obtain a new class of solutions for a charged fluid sphere using the embedding class one conditions. It is found that these models coincide with the compact stellar object Her X-1, presented in Gangopadhyay et al [48] . This paper is structured as follows. In Section 2, we propose the class one condition and the metric functions related in a closed form by using the class one condition. In Section 3, we set up the relevant field equations and their solutions for a charged fluid distribution. In Section 4, we derive an exact solution of the EinsteinMaxwell equations by assuming the simplest form of an electric field E. We then present physical analysis of stellar models by comparing the results with the observational stellar mass for Her X-1 and discuss the stability of the charged stars by employing modified TOV equations. We finally summarize the results in the last section.
Embedding class one condition and
Einstein-Maxwell field equations for charged anisotropic matter distribution
As suggested in Ref. [51] , the line element that describes a static, spherically symmetric matter distribution is in general written in terms of the Schwarzschild x i = (r, θ, φ, t) as follows:
where the unknown functions ν(r) and λ(r) have to be determined by solving the Einstein field equations. The implementation of the class one condition of the above metric can be successfully achieved by considering a fivedimensional flat line element as:
where we have transformed the coordinate system via the following rescaling:
, with K being a positive constant. With the differential forms of the given components, we come up with the following expression for the above metric:
which features a four-dimensional and spherically symmetric line element. This metric describes a 5D pseudoEuclidean space embedded in a (3+1)-dimensional spacetime. By equating the line elements given in Eq. (1) and Eq. (3), one obtains the following relation:
Equation (4) provides the embedding class condition (for more details, we refer the reader to Refs. [34] [35] [36] ). For completeness we give a short recap by writing the Einstein-Maxwell field equations on a four dimensional space-time manifold:
In the following, we will use the geometrized units G = c = 1 with G and c being the Newtonian gravitational constant and speed of light in vacuum, respectively.
In our present consideration, we include the energymomentum tensor for the Maxwell fields and the complete form of anisotropic charged fluid matter is given by:
Now, the Maxwell field equations give the following relationship:
where j µ is the four-current density. For a particular choice of the electromagnetic field, the only nonvanishing components of the electromagnetic field tensor are F 01 and F 10 , and are related by F 01 = −F 10 . The Maxwell field-strength tensor, F µγ , can be written in terms of a four-potential A µ : F µγ = A µ,γ -A γ,µ . So, for a non-vanishing field tensor, only the existing potential is A 0 = φ. In addition, the potential considered has a spherical symmetry, i.e., φ= φ(r). Now using Eq. (10), one can obtain the electric field as
Let us consider the total charge, q(r), inside a sphere of radial coordinate r:
From the above expression, we can relate the electric field and the total charge by using Eqs. (12) and (13) and find
Due to the effects of the electric field and pressure anisotropy, the Einstein-Maxwell field equations with the metric (1) provide the following expressions
where primes denote derivatives with respect to the radial coordinate r. Following the method given in Ref. [51] , the solution for the potential metric e −λ(r) is given by
where the parameters q and m represent the charge and mass within the radius r, respectively. In the present case, considering Eqs. (16) and (17), we can obtain the following form
where ∆ = p t − p r denotes the anisotropy factor, which measures the pressure anisotropy of the fluid. It is important to note that ∆ = 0 at the origin, r = 0, corresponds to the particular case of an isotropic pressure. However, in the absence of both anisotropy and charge throughout the interior of the star, the right counterpart of Eq. (19) gives only two kinds of perfect fluid, namely the Schwarzschild interior solution [49] and the KohlerChao solution [50] . Moreover the factor ∆/r represents a force due to the anisotropic nature of the fluid. The anisotropy will be repulsive when p t > p r , and attractive when p t < p r . It is clear from Eqs. (14-19) that we have six unknown functions, namely, ρ(r), p r (r), p t (r), ν(r), λ(r) and q 2 (r), with three independent equations. In attempting to find exact solutions, there are two different approaches we can take: (i) one can choose a specific mass function m(r), by specifying an equation of state (EOS) of the form p = p(ρ); or (ii) one can establish a relation between gravitational potentials ν and λ based upon physical grounds in this case of a charged fluid. In this work, in order to obtain a unique solution, we consider embedding class one conditions that relate a close connection between two metric functions, as discussed in this section, for an electrically charged fluid sphere. Some recent investigations have been considered in Ref. [52] [53] [54] , where the authors studied compact objects with anisotropic pressure via embedding.
Generalized charged anisotropic solution for compact star
In this present work, we will examine the solutions for a charged fluid model by considering a single generic function λ(r). The ansatz has a geometric interpretation from the physical point of view and was previously used to obtain solutions for compact stellar objects [55] [56] [57] . However, we are interested in the solution that can be used to model the compact object Her X-1. Following Ref. [51] , the system we are going to study here is characterized by the fact that λ(0) = finite constant for a charged compact star and energy density ρ(r), radial pressure p r (r), and tangential pressure p t (r) should be finite at the origin. For physical grounds, we assume that the electric field at the centre is zero and m(0) = 0 with m (r) > 0. Let us now suppose the generic function λ = λ(r) with the following expression Ref. [51] :
In this particular approach, we keep in mind that λ (r) = 0 and λ (r) > 0. Now, substituting the value of λ into Eq. (4), we obtain
where A is an integration constant and B = √ a 4 b √ K (n + 1) . Notably, we find
and
The above decompositions clearly imply that ν(0) > 0, ν (0) = 0 and ν (0) = > 0, which provides (A+B) > 0. The motivation behind this particular choice of metric function (20) is not new in stellar modelling.
Similar forms for the metric functions have previously been considered by Singh et al. [45] and Maurya et al. [53] for positive and negative powers of n for anisotropic matter distribution using the embedding class one condition.
Note that the parameter n plays an important role in determining the structure and stability of the compact object. Here, we will consider the following three cases: (i) when n > 0 and b > 0; (ii) when n > 0 and b > 0; and (iii) when −1 ≤ n < 0 and b ∈ . The choices of the range of free parameters are reasonable in the sense that they admit physically viable models. In the relativistic regime, we describe here stellar compact objects such as Her X-1, which provide the choice of parameters for a charged anisotropic fluid sphere. Furthermore, we assume the general form of an electric field intensity E within the radius r as
where q 0 is a positive constant. The expression is invariant under the transformation E → −E, and only positive values of E are chosen. It is clear from the above expression that the electric field E vanishes at the centre, i.e., r = 0. As already mentioned, our model consists of a charged relativistic object, with anisotropic matter distribution. Making use of this assumption, we obtain the mass function using Eq. (18), which yields
Note that m(0) = 0 at the centre. However, both q(r) and m(r) are positive when r > 0 for all the above three cases of n. This indicates that q(r) and m(r) are increasing monotonically away from the centre and attain regular minima at r = 0. Utilizing the expression in Eq. (20), we can now determine the Einstein-Maxwell system of Eqs. (15)- (17) for charged anisotropic matter with the line element (1), resulting in the following relations:
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where Ψ = (1 + b x) n with a, b, and n being arbitrary constants. r/R n = 0.26 n = 10 n = 100 n = 1000 n = 10000 n = 500000 n = -1.1 n = -10 n = -100 n = -1000 n = -10000 n = -500000 r/R n = 0.26 n = 10 n = 100 n = 1000 n = 10000 n = 500000 n = -1.1 n = -10 n = -100 n = -1000 n = -10000 n = -50000 Fig. 2 . Behavior of energy density (ρ) and anisotropy factor (∆) verses fractional radius r/R for Her X-1. The numerical values of the constants are given in Tables 1 and 2 .
Let us focus on the effect of the pressure anisotropy, a term ∆ = p t − p r , which in terms of the expression in Eq. (20) is recast as
We further consider the following terms:
which feature forces that arise due to the anisotropic nature of the fluid, and maintain the stability and equilibrium configuration of the stellar structure. Also, from Eq. (30) we may observe that the anisotropy ∆ vanishes throughout inside the star if and only if a = 0, which implies that all pressures, density and mass will become zero and the metric turns out to be flat. Let us emphasize again the behavior of the energy density and pressures for the X-ray pulsar Her X-1 with graphical representation. The variation of pressure and density with radial distance, drawn using Eqs. (15) (16) , are shown in Figs. 1 and 2 , respectively. We have used the data set for model parameters given in Table 1 & 2. In this case one can see that energy density is positive and the radial pressure p r vanishes at the boundary of the star for different values of n within the above mentioned specific range .
In this section, we will investigate the properties of high density stars based on the obtained solutions, with the internal structure of the stars satisfying some general physical requirements, i.e., energy conditions, hydrostatic stability, the speed of sound and the maximum mass of compact objects, by analytical expression as well as graphical representations. In this manner, we model a compact star composed of anisotropic matter, which coincides with compact stars like Her X-1.
Boundary conditions
To study a static, spherically symmetric charged star, we match the interior spacetime to an exterior vacuum Reissner-Nordström (RN) spacetime at the junction surface with radius r = R, i.e. matching of first fundamental form (continuity of metric potentials) and second fundamental form (continuity of ∂g tt ∂r ) at the surface of the star with radius r = R (Darmois-Israel condition). The RN metric is given by
where M denotes the total mass of the compact star. We consider standard matter with a spherically symmetric anisotropic fluid where the radial pressure p r must be finite and positive inside the star, and vanishes at the boundary r = R of the star (which is known as the second fundamental form) [58] . Thus, the second fundamental form i.e. the radial pressure p r (R) = 0, now gives
where
We can consider the continuity of the first fundamental form across a surface at r = R, implying that g + tt = g − tt and using the condition e −λ(R) = e ν(R) to yield
Therefore, one can easily get the total mass of the star for the static case when e −λ(R) = 1 −
.
(36) We should also note that in the relativistic limit the mass-radius ratio is an important source of information and classification criterion for compact objects [65] .
Energy conditions
Based on the present work, let us examine the energy conditions within the framework of general relativity (GR) in the interior of the star. Now, considering the usual definition of this energy condition for anisotropic fluids, we examine: (i) the null energy condition (NEC); (ii) the weak energy condition (WEC); and (iii) the strong energy condition (SEC), at all points in an interior of a star. More precisely, we have the following proposition: 
SEC
r/R n = 0.26 n = 10 n = 100 n = 1000 n = 10000 n = 500000 n = -1.1 n = -10 n = -100 n = -1000 n = -10000 n = -500000 Tables 1 and 2 .
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Using the above expressions for all terms in this inequality, one can easily justify the nature of energy condition for the specific stellar configuration Her X-1. Graphically, the behaviors of energy conditions are shown in Fig. 3 . For the expressions given in Eqs. (37-40) , we only write down the inequalities and plot the energy conditions as a function of the radius. As a result, it is eminently clear from Fig. 3 that all energy conditions are satisfied for our proposed model.
Equilibrium condition
We will now proceed further by investigating hydrostatic equilibrium for different forces acting on the star. These are gravitational, hydrostatic, anisotropic and electric forces. Hence in the present approach we focus on the generalized Tolman-Oppenheimer-Volkoff (TOV) equation [59, 60] , given by
where the effective gravitational mass M G (r) is defined by
Now, using the expression for M G (r) in Eq. (41), we have
Interestingly, Eq. (37) may be expressed as a sum of different components of forces, namely, gravitational forces (F g = −ν (ρ + p r )/2), hydrostatic (F h = −dp r /dr), electric (F e = σ q e λ 2 /r 2 ) and anisotropic (F a = 2 ∆/r) forces, respectively. Plugging in the typical values from Eqs. (23) (24) (25) , and using the above expressions, we get the different forces in a straightforward way, which leads to:
where we have defined
It is worth noting that when combining all results, we obtain
Due to the structure of the obtained modified TOV equation, the configuration is in static equilibrium under four different forces. As we see from Fig. 4 , all four forces maintain an overall equilibrium situation for positive as well as negative values of n. Note that the electric force seems to be negligible in this balancing mechanism.
Stability analysis
Now, we consider c 2 = dp/dρ, which can be interpreted as the speed of sound propagation. The motivation behind such a construction is to study the stability of the configuration. Note that c 2 < 0 is usually interpreted as an instability, while c 2 > 1 indicates superluminal speed of sound. Our aim here is to verify that the speed of sound does not exceed the speed of light, i.e., 0 ≤ c 2 < 1. Here, we shall investigate the speed of sound for charged anisotropic fluid distribution satisfying the bounds 0 < v 2 r = dp r /dρ < 1 and 0 < v 2 t = dp t /dρ < 1, as in Ref. [68] . The velocity of sound in the radial and transverse directions is given respectively by: Tables 1 and 2 .
,
1-9
where the unknown quantities stand for r/R n = 0.26 n = 10 n = 100 n = 1000 n = 10000 n = 500000 n = -1.1 n = -10 n = -100 n = -1000 n = -10000 n = -500000 Tables 1 and 2 .
Our results are displayed in Fig. 5 . Looking at the radial/transverse pressures versus radius, it is interesting to note that both v 
Electric charge
Our aim here is to explore how the physics governing the structure of stars, includes the charge, affects the structure and stability of strange stars. For this purpose we use the graphical representation given in Fig. 6 . It is clear from Fig. 6 , and Tables 3 and 4 , that electric charge is zero at the centre i.e. E(0)=0, which corresponds to vanishing of the electric field at the center. Moreover, we observe that electric charge distributions are monotonically increasing away from the center, and reach a maximum value at the surface. Depending on the distribution of charge, the inner core is less stable than the surface of the charged body. It is important to note that charge decreases monotonically with an increase of |n|, with the difference becoming indistinguishable at the stellar surface for very large values of |n|. According to Ref. [53] , we can interpret n as a "stabilizing factor". It can be found by searching for the condition that higher charge configurations reach for large radius and large val- r/a n = 0.26 n = 10 n = 100 n = 1000 n = 10000 n = 50000 0. ues of the metric coefficient e λ . From this we understand that the matter and charge are related to each other and the relations are strongly coupled. As mentioned in Ref. [53] , the inclusion of anisotropic pressure into the matter also enables us to find exact electric star solutions that are held against collapse by electric repulsion, and avoid black hole formation.
The charged compact stars that appear in this study have a TOV limit, and the electric and gravitational forces are balanced. According to Ref. [61] , the net charge can be as high as 10 20 C, to see any considerable effect on the phenomenology of compact stars. Such objects live within the very short period of time between a supernova explosion and the formation of a charged black hole. However, Bekenstein [62] showed that the effect of charge distribution can be seen in the general relativistic hydrostatic equilibrium. If this is the case, pair production may be induced within the star and thus destabilize the core. To be more concrete, we calculate the amount of charge at the boundary in units of coulombs for the compact star Her X-1 as follows: (i-1) 8. r/R n = 0.26 n = 10 n = 100 n = 1000 n = 10000 n = 500000 n = -1.1 n = -10 n = -100 n = -1000 n = -10000 n = -500000 Tables 1 and 2. 4.6 Effective mass and compactness parameter for a charged compact star
Now we begin with the mass-radius ratio M/R of a relativistic compact star. The bounds on a spherically symmetric isotropic fluid sphere are given by 2M/R ≤ 8/9, according to Buchdahl [65] . We note that for a compact charged fluid sphere there is a lower bound for r/a n = -1.1 n = -10 n = -100 n = -1000 n = -10000 n = -50000 0. Table 5 . List of solutions with a given range of parameters that give a physically viable model with ansatz for the metric potential (19) for compact star Her X-1.
Range of Electric charge Anisotropy Pressure
Velocity of Sound List of n&b (E ) (∆ ) (dp i /dρ < 1 )
the mass-radius ratio, which is [66]
for Q < M . This result was generalized in Ref. [63] , for new bounds on the mass-radius ratio for charged compact objects, with the following relation
Now, using Eqs. (52) and (53), we obtain the mass-radius ratio within the region
(54) To obtain the effective mass for a charged fluid sphere within the radius r =R, one can then compute
where e −λ is given by Eq. (18). Using the above results, the compactness factor can be written as
Let us now consider the surface redshift, which allows us to write down the following expression
Note that for the isotropic stellar configuration the maximum possible surface redshift is Z s = 4.77, but it may be exceeded in the presence of anisotropy pressure according to Ref. [64] . In our model, this condition falls within the limit for isotropic pressure given in Tables 4 and 5 . The above study is carried out for both positive and negative values of n shown in Fig. 6 . Table 5 gives the solutions of the numerical treatment used in this study that allow the existence of a physically viable model with ansatz for the metric potential (18) for the compact star Her X-1, within a given range of parameters.
Discussion
In this work, we have studied a class of new exact solutions with anisotropic fluid distribution of matter for compact objects in hydrostatic equilibrium. We considered the Einstein-Maxwell system with anisotropic spherically symmetric gravitating source and obtained novel gravitational solutions compatible with observational data for the compact object Her X-1. We matched the interior solution to an exterior Reissner-Nordstr"om solution, and studied some physical features of the models, such as the energy conditions, speed of sound, and mass-radius ratio. We have used the condition arising from embedding a 4-dimensional spherically symmetric static metric in spherical coordinates into a 5-dimensional flat space-time to model a charged object. We employed a so-called class one space-time.
We have found that energy density, radial and tangential pressures are finite at the center, and monotoni-cally decreasing functions with respect to the radial coordinate for our specific choice of generic function, which was illustrated in Figs.1 and 2 . Moreover, the radial pressure vanishes at the boundary of the star, whilst the tangential pressure is non-vanishing at the stellar surface. We notice that the radial and tangential pressures increase with increasing |n| and the energy density is at a maximum at the core of the star. In Tables 1 and 2 we tabulated the calculated values of central and surface density and central pressure for compact objects considering HER X-1 as a charged anisotropic star.
Our analysis shows that total charge value of a compact object must be around 10 20 C to see any appreciable effect and the electric fields have to be huge (∼ 10 20 ) in the equilibrium and stability of the star. More specifically, electric charge that produces significant effect on the structure and stability of the object has its maximum value at the boundary of the star and monotonically increases away from the centre. The electric charge q against the radial coordinate has been plotted in Fig.6 (left panel) for different parametric values of n.
We further extended our analysis by investigating the energy conditions, hydrostatic equilibrium under different forces, and velocity of sound. We have found through our analysis that all energy conditions are satisfied at the interior of the configuration and maintain equilibrium between different forces due to anisotropy and electromagnetic effects, as we can see from Figs. 3 and 4. We found that when |n| is small the electromagnetic force dominates the anisotropy force near to and at the surface of the star, while when |n| is large, the anisotropy force dominates the electromagnetic force.
Using the values given in Tables 1 and 2 , we also checked the square of the velocity of sound for anisotropic matter distribution. As illustrated in Fig. 5 , our model obeys causality throughout the stellar interior. We also pointed out that the surface redshift is higher in an anisotropic star than an isotropic one, shown on the extreme right of Tables 4 and 5 for different values of n. Furthermore, we showed the maximum allowed masses with their respective radii i.e., that the mass-radius ratio falls within the limit of 8/9 (= 2M/R) as proposed by Buchdahl [65] , for the compact objects considering HER X-1 that we have considered for our model. Finally, considering charged stars with specific electromagnetic fields can be used as a tool to probe other compact objects like HER X-1.
